Abstract. In this paper we study some properties related to torsion and divisibility phenomena for reciprocity (pre)sheaves with transfers in the sense of [5] and for the Chow groups of 0-cycles with modulus in the sense of [11] .
1. Introduction 1.0.1. Built deeply into the roots of the constructions of categories of motives due to Voevodsky, there is the concept of A 1 -homotopy invariance. A vast literature has been produced around this idea, that allowed to translate both problems and (sometimes) answers from algebraic topology to algebraic geometry. In more recent times, some attention has been brought back to phenomena that fail to be encompassed by A 1 -invariance. One of the first steps in this direction was given by Bloch-Esnault computation of a certain group of 0-cycles, called additive higher Chow groups, in order to describe the K-theory of the ring of dual numbers over a field k. Since then, additive higher Chow groups and, more generally, groups of algebraic cycles relative to certain "modulus" conditions have been object of investigation in [1] , [6] , [7] , [8] , [9] , [10] , [18] . Notably, interesting phenomena involving vector groups were also observed by Bloch and Srinivas in [2] when dealing with singular varieties.
1.0.2. A categorical answer to the quest for a non homotopy invariant motivic theory along these lines has been recently given by Kahn, Saito and Yamazaki in [5] . The authors developed a notion of "reciprocity" for sheaves with transfers, weaker than homotopy invariance, with the purpose of eventually constructing a new motivic triangulated category, larger than Voevodsky's DM(k) and containing unipotent information. This paper represents our attempt of understanding [5] . Our focus is on two different (but related) phenomena, namely divisibility and torsion, and on how they fit in this new environment.
This note is roughly divided in two parts, the first one being dedicated to 0-cycles and the second one dedicated to reciprocity (pre)sheaves with transfers. We give now an overview of the content of different sections.
1.0.3. Let k be a field, X a proper variety over k, D an effective (possibly non reduced) Cartier divisor on X, those support contains the singular locus of X. We denote by CH 0 (X|D) the Chow group of 0-cycles on X with modulus D, those definition is recalled in 2.1. Using ideas coming from the theory of 0-cycles of singular variety, mainly due to Levine [13] and Levine-Weibel [12] , we can can prove a first result, Theorem 2.28, on discreteness. Namely, we prove that a family of torsion 0-cycles satisfying the modulus condition parametrized by a curve is constant as long as the torsion is prime to the characteristic of the field. As an application of this result, we show that the p-primary part of the subgroup of torsion 0-cycles with modulus is completely described using 0-cycles with modulus on smooth curves, in analogy with the singular case established in [13] . We also introduce a subgroup U (X|D) Motivic Homotopy Theory at the University of Duisburg-Essen (SS 2014). The authors wish to thank heartily Marc Levine for providing an excellent working environment and for the support via the Alexander von Humboldt foundation and the SFB Transregio 45 "Periods, moduli spaces and arithmetic of algebraic varieties".
Chow group of 0-cycles with modulus
We fix a base field k. For a smooth k-variety X, the Chow group of 0-cycles CH 0 (X) and Suslin's homology group H Sing 0 (X) are important geometric invariants, that satisfy the homotopy invariance axiom and that agree when X is proper over k. In this section we recall, following [11] , [5] and [1] , the construction of a non A 1 -invariant generalization of both groups, called Chow group of 0-cycles with modulus, that we compute in some cases and for which we show discreteness of torsion.
2.0.5. For a normal integral scheme C over k and for E an effective Cartier divisor on C, we set
where |E| denotes the support of E and U runs over the set of open subsets containing E. We say that a rational function f ∈ G(C, E) satisfies the modulus condition with respect to E.
2.0.6. Let X be a scheme of finite type over k, and let D be an effective Cartier divisor on X. Write X for the complement X\D and Z 0 (X) for the free abelian group on the set of closed points of X. Let C be an integral normal curve over k and let ϕ C : C → X be a finite morphism such that ϕ C (C) ⊂ D. Write C = ϕ −1 C (X). The push forward of cycles along the restriction of ϕ C to C gives a well defined group homomorphism τ C : G(C, ϕ * C (D)) → Z 0 (X).
Definition 2.1. In the notations of 2.0.6, we define the Chow group CH 0 (X|D) of 0-cycles of X with modulus D as the cokernel of the homomorphism τ :
G(C, ϕ
We define Russell's Chow group CH R 0 (X|D) of 0-cycles with modulus as the Cokernel of the homomorphism τ R :
where the sum runs over the set of finite morphism ϕ C : C → X such that ϕ C (C) ⊂ D, as in 2.1.
Remark 2.3. The two definitions clearly agree when X is a curve. In the general case, we have the following lemma, by comparing the modulus conditions. 
Some computations.
Example 2.5. Let X be a projective smooth curve over a field k and let D be an effective divisor on X. Assume that X(k) = ∅. Then CH 0 (X|D) is isomorphic to Z ⊕ J(X, D)(k), where J(X, D) denotes Rosenlicht-Serre's generalized Jacobian.
One easily sees then that for every integer n prime to the characteristic of k we have
where [n] denotes the subgroup of all n-torsion elements and J(X) denotes the Jacobian variety of X.
Example 2.6. To see how far from homotopy invariance the Chow group of 0-cycles with modulus is, consider the following situation. Let m ≥ 0. Then we have
Example 2.7. Here is an example for the case when the divisor D is reduced. Let k be an algebraic closed field. Let P i (i = 0, . . . , n) be distinct closed points of P 1 k and put D = P 0 + . . . + P n as Weil divisor on P 1 . Then we have
Example 2.8. We continue the Example 2.7, this time considering the non-reduced case. Let P i (i = 0, . . . , n) be distinct k-rational points of P 1 k and let
Then there is the following decomposition:
2.2. Relation to Suslin homology.
2.2.1. Let S be an irreducible scheme of finite type over k and X be a scheme of finite type over S. Following [22] , we denote by C 0 (X/S) the group of finite correspondences of X over S, i.e. the free abelian group generated by closed integral subschemes of X that are finite and surjective over S. (X) to be the cokernel of
where
Proposition 2.9. Let X be a proper scheme over k, D an effective Cartier divisor on X and X the complement X \ D. Then there is a natural surjection
Proof. The two groups have by definition the same set of generators, so it's enough to show that the relations defining the Chow group of 0-cycles with modulus are 0 in the Suslin homology group. Suppose for simplicity that X is integral. Let ϕ C : C → X be a finite morphism from a normal curve C with ϕ C (C) ⊂ D and let f ∈ G(C, ϕ * C (D)). We have to show that
We may replace X by C to prove the statement, so that we can regard f as a morphism f : C → P 1 and, since C is proper over k, we may assume that f is surjective. Let Γ f ⊂ C × P 1 be the graph of f and let
, one easily checks that W belongs to C 0 (C \ D × P 1 \ {1}/P 1 \ {1}) and that we have
proving the claim. Proposition 2.9 can also be obtained as consequence of the following result, together with Lemma 2.4. Theorem 2.10 (Schmidt). Let X be a proper integral scheme of finite type over k. Let D be an effective Cartier divisor on X and let X = X \ |D| be the open complement. Then there is a canonical isomorphism CH
Proof. The assertion follows from a result of Schmidt [20, Theorem 5.1] together with the definition of Russell's Chow group with modulus 2.0.7.
Remark 2.11. If X is not proper over k, there might be no map at all from CH 0 (X|D) to H Sing 0 (X). For example, there is no surjection of the following case:
Proposition 2.12. Let X be a proper integral scheme of finite type over k. Let D be an effective Cartier divisor on X. Let Y be a separated scheme of finite type over k such that
Assume that Y has a k-rational point. There is an isomorphism
Furthermore, if we have an isomorphism CH 0 (Y |E) ≃ Z where Y is a proper integral scheme of finite type over k and E is an effective Cartier divisor on Y such that Y \ E = Y . Then there is a commutative diagram of isomorphisms
Here j : Y ֒→ Y is the open immersion.
Proof. Let y 0 be a k-rational point of Y . Consider the following maps
Here i is a closed immersion and pr is the projection. Since pr • i is an isomorphism, we have the injection
Now our task is to show that i * is surjective. Let z be a closed point of X × Y and let k(z) denote the residue field of z. Then the class of z in CH 0 (X × Y |D × Y ) is in the image of the canonical map
Thus we may assume that z is a k-rational point, and hence z is of the form x×y for k-rational points x ∈ X(k), y ∈ Y (k). By Theorem 2.10 and the assumption that H Sing 0 (Y ) ≃ Z, there exists curves W i over Y and functions
Thus the class of z is in the image of i * , and this completes the proof.
The same argument in above works for the second statement. Remark 2.14. Proposition 2.12 can be interpreted in the language of reciprocity sheaves (see Section 3.1) as follows: Let (X, D) and (Y , E) be modulus pairs (see Definition 3.1). Assume that Y := Y \ E has a k-rational point and that h 0 (Y , E) Zar ≃ Z. Note that the condition
The reader should compare with an isomorphism of homotopy invariant sheaves
The above isomorphisms will give some examples of the question raised in [5, Remark 3.5] . For example, if dim X = 1 then we have an isomorphism
2.3. Auxiliary lemmas. We prove here some auxiliary results that will be used frequently in the following sections.
Lemma 2.15. Let k be a field of characteristic zero. Let C be a proper normal integral curve over k. Let D be an effective Cartier divisor on C and write D red for the corresponding reduced divisor. Then the quotient group G(C, D red )/G(C , D) is a k-vector space. In particular, for any integer n > 0 there is an isomorphism
. By the definition of G(C, D), one has the following commutative diagram with exact rows
where the last isomorphism follows is obtained by taking the logarithm together with the isomorphism m P /m n P ≃m P /m n P wherem P is the maximal ideal of the m P -adic completion of O P . Since the last term is a k-vector space, the group G(C, D red )/G(C, D) has an induced k-vector space structure by means of the inverse isomorphisms log and exp. 
where I ′ x is the stalk at x of the ideal sheaf I ′ ⊂ O C defining D ′ . By the relation |D| ⊂ |D ′ | together with the Noetherian assumption, the defining ideal I of D contains some power of I ′ . Therefore if m is big enough, we have 
2.4. The unipotent part of the Chow group of 0-cycles with modulus.
2.4.1. Let X be a scheme of finite type over k and let X be a proper scheme over k that contains X as open dense subscheme. Assume that the closed complement X − X is the support of an effective Cartier divisor D on X. By Proposition 2.9, there is a canonical surjection
We denote by U (X|D) be the kernel of π X,D , and call it the unipotent part of CH 0 (X|D).
Since the surjection π X,D is compatible with the degree maps, the group U (X|D) fits into the following exact sequence 
Lemma 2.20. There is a surjection ⊕ϕ * :
where ϕ : C → X runs over the set of finite morphisms from normal proper curves C over k such that
Proof. By definition, the group U (X|D) is generated by the cycles of the form ∂(W ) for W ∈ Cor(P 1 \ {1}, X). Without loss of generality, assume that W is irreducible. Taking closures in X × P 1 gives the following commutative diagram
where W N → W denotes the normalization of W . Let f be the composite map W N → P 1 and let ϕ : W N → X. Then we have 
) is p-primary torsion group. Indeed, by Lemma 2.16, for sufficient large m > 0, we have
which shows the claim.
The following corollaries immediately follow from Theorem 2.19.
Corollary 2.21. In the notations of Theorem 2.4.1, suppose that char k = 0. Then there is a decomposition
Corollary 2.22. Let k be a field of exponential characteristic p ≥ 1. Let X be a proper normal integral scheme over k. Let D be an effective Cartier divisor on X and suppose that the open complement X = X\|D| is smooth over k.
(1) For any integer n prime to p, there is a canonical isomorphism
(2) In case p > 1, then we have an isomorphism on the prime-to-p-torsion parts 
According to the different modulus condition that we use in this paper, by modifying slightly Russel's definitions, one can define an Albanese variety Alb X|D with modulus and an Albanese map for our modulus condition. Therefore one can ask the following question.
Question 2.24. Let k be an algebraically closed field of characteristic p ≥ 0. Does the albanese map alb X|D : CH 0 (X|D) −→ Alb X|D (k) induce an isomorphism on torsion parts?
Corollary 2.22 (2) says that Question 2.24 has a positive answer for prime-to-p-torsion parts in case of positive characteristic. In case of characteristic zero, we have an isomorphism Alb X|D (k) tors ≃ Alb X (k) tors since the unipotent part of the Albanese variety with modulus has no torsion. Thus Question 2.24 is equivalent to the following question: Question 2.25. Let k be an algebraically closed field of characteristic zero. Then is the unipotent part U (X|D) torsion-free?
We will come back to this problems in Section 2.7.
2.5. Discreteness of torsion 0-cycles with modulus. In this section we follow the ideas developed in [12] for the Chow group of 0-cycles on a singular variety.
2.5.1. Let X be an integral k-scheme, proper and equidimensional over k. Let D be an effective Cartier divisor on X and suppose that Sing(X) ⊆ D, so that the open subscheme X = X \ D is a regular k-scheme. As above, we denote by CH 0 (X|D) the Chow group of 0-cycles on X with modulus D. We denote by cl X|D canonical projection morphism
2.5.2. Let C be a smooth curve over k and let W = n i=1 n i W i ∈ C 0 (C × X/C) be a finite correspondence from C to X such that Supp(W ) ⊂ C × X. Let C ⊆ C be the smooth compactification of C, so that C is a smooth proper curve over k. We will define a group homomorphism (or a transfer map), associated to W
where D C,W is an effective Cartier divisor on C, supported on C \ C and depending on W .
We recall the following result
. Let p 1 , p 2 be the projections from C × X to C and to X respectively. We denote by the same letters the corresponding morphisms from C × X. Let r ≤ n be an integer such that, up to reordering the W i 's, p 2 (W i ) is 1-dimensional for 1 ≤ i ≤ r and is 0-dimensional for r < i ≤ n. Let W i be the closure of W i in C × X and let T i = p 2 (W i ). By construction, T i is a curve in X and it is in good position with respect to D, i.e.
be the composition of the normalization morphism with the inclusion. By Lemma 2.26, u * i (D) is an effective Cartier divisor on T N i . It's easy to check that we have a well-defined pushforward homomorphism (see [10, 3.3 
be the normalization morphism and let r i be the induced morphism
Note that r i is a finite map between regular curves, as X is proper over k.
r i is a surjective morphism between normal k-schemes (see [6, Lemma 3.2] ) and u * i (D) is effective. As above, we have a pushforward homomorphism
and let D C,W be the divisor
and, by composing 2.1, 2.2 and 2.3 we have
LetZ W be the 0-cycle on X given by n i=r+1 n i p 2 (W i ) and let Z W be the class cl X|D (Z W ) in CH 0 (X|D). We finally set
2.5.6. Suppose that k is algebraically closed. Let x be a closed point in C. Since W is flat over C, we have that dim(W ∩ (x × X)) = 0, so that W and x × X are in good position. The cycle
) is a 0-cycle on X, supported outside D; we denote it by W (x). An easy computation shows the following Proposition 2.27. In the above notations, we have for every x ∈ C(k)
Theorem 2.28. Let k be an algebraically closed field of exponential characteristic p ≥ 1. Let X, D, C and W as above and let l be an integer prime to p. Assume that there exists a dense open subset C 0 of C such that for every x ∈ C 0 (k) one has
Proof. The proof uses the same strategy of the corresponding statement in [12] . Indeed, let CH 0 (C|D C,W ) 0 denote the degree-0-part of the Chow group CH 0 (C|D C,W ). It is generated by differences of classes of closed points in C 0 , and therefore
Rosenlicht-Serre generalized Jacobian (where J(C, D C,W )(k) 0 denotes the connected component of the identity). Since l is prime to char k, CH 0 (C|D C,W ) 0 is l-divisible by [19, Chap. V] , and therefore the image of CH 0 (C|D C,W ) 0 in CH 0 (X|D) is 0. Hence by Proposition 2.27, for every pair of closed points x 1 , x 2 in C(k), we have
proving the statement. 
for an algebraically closed field K, then the map is constant.
(2) The statement of Theorem 2.28 is true for a local setting: Let k be an algebraically closed field and let X, D be as above. Let S be a semi-local scheme of a normal curve over k at closed points and let K be the fraction field of S. Let W ∈ Cor(X × S/S) be a relative finite correspondence. Similarly to the above, the divisor W defines the function S −→ CH 0 (X K |D K ). If the function has image in the l-torsion subgroup, then the function is constant.
Corollary 2.30. Let the notations be as in Theorem 2.28 (in particular k is algebraically closed) and let K be an extension field of k. Then the natural map
is injective and induces an isomorphism
where M {p ′ } denotes the prime-to-p-torsion subgroup of an abelian group M .
Then there exists a finite number of integral normal curves ϕ i,K :
There is a finitely generated subextension K ′ of K/k such that C i,K , f i,K are defined over K ′ and the equality (2.4) holds over K ′ . Moreover, there is a smooth affine model V of K ′ and finite morphisms ϕ i,V : C i,V → X × k V such that C i,V is proper and flat over V with purely 1-dimensional fibers, and functions
of cycles in X × k V which are finite and flat over V . Take any closed point v of V . By specialization to v we get an equality similar to this, as follows:
as the quotient of regular functions. First we have an equality
of 0-cycles on X, where we put
i,v reduced, and let
i,v → X be the induced finite morphism. Then the right hand side of (2.5) is equal to
Thus we get a relation
Having shown the injectivity, for showing the surjectivity we may assume K is algebraically closed. Let z K ∈ Z 0 (X K ) be a 0-cycle representing a class in CH 0 (X K |D K ) which is killed by an integer n prime to p.
Then as above there are a smooth affine k-scheme V , a cycle z V in X × k V inducing z K which is finite and flat over V , ϕ i,V : C i,V → X × k V relative curves over V and functions
of cycles on X × k V holds. Note that for any field-valued point u : SpecL → V , one has an equality of 0-cycles on X L , similar to (2.6)
by pull-back by u. Here, we took an irreducible decomposition
i,u and ξ µ are the induced morphisms and the generic points. By (2.7), z u represents an n-torsion class in CH 0 (X u |D u ). Now pick any closed point v ∈ V . Then z v := z V × V v represents an n-torsion class in CH 0 (X|D). We will show z v maps to z K .
Consider a K-variety V K = V × k K and two K-rational points (where η : SpecK → V is the structure morphism)
We can join η K and v K by a smooth curve C K contained in V K . We have a cycle z C K on X K × K C K which is the pull-back of z V by the projection C K ֒→ V K → V . By (2.7) the map
factors through the n-torsion subgroup of CH 0 (X K |D K ). By Theorem 2.28 it is a constant map (remember we are assuming K is algebraically closed). In particular we have
completing the proof.
2.6. Every torsion element of CH 0 (X|D) comes from a torsion element of a curve.
2.6.1. Suppose X is a projective variety over an algebraically closed field k of characteristic p ≥ 0, smooth in codimension one. Let D be an effective Cartier divisor on X such that the open complement X is smooth.
Let CH 0 (X|D) 0 denote the degree 0 part of CH 0 (X|D). Denote by T X the subgroup of CH 0 (X|D) 0 generated by elements b for which there exists a smooth proper curve C mapping to X, ϕ : C → X with ϕ(C) D, and an element a ∈ CH 0 (C, ϕ * D) tors such that b = ϕ * a.
A main result of this section is the following:
Theorem 2.31. An equality CH 0 (X|D) tors = T X holds up to p-parts.
The main ideas for this section are coming from the analysis of [13] ,
Then for every pair (X, D) consisting of a projective variety X over k, smooth in codimension one, and an effective Cartier divisor D on X such that the open complement is smooth,
Proof. Let z be a 0-cycle whose class in CH 0 (X|D) tors is nonzero and n-torsion, with n prime to p. Then there are normal, proper, integral curves C 1 , . . . , C s , with finite morphisms
One may assume that ϕ i maps C i birationally to its image. By blowing up with point centers lying on X, one can construct a projective variety Y , mapping birationally to X, π : Y → X, such that (1) π −1 (X) is smooth and π −1 is an isomorphism in a neighborhood of D; (2) the maps ϕ i :
There is a 0-cyclez on Y , smooth rational curves L j (j = s + 1, · · · , r), contained in π −1 (X), and functions g j on L j such that:
(4) There is an equality
where φ j : L j → Y is the inclusion. Furthermore, one can blow up more and may assume that the union
has at most two components passing through any point of C. In particular, C has embedding dimension two, which implies that there is a general surface section S of Y containing C. By Bertini's theorem, we may assume that S is smooth in codimension one. Then by assumption, z ∈ T S , which means thatz comes from the torsion elements of curves. Composing with π, we get that z ∈ T X . 2.6.2. Now we assume that dim X = 2. Let n be a positive integer prime to p. Let z be a 0-cycle on X of degree zero. Let C be a proper smooth curve in X containing supp(z) and intersecting D in at least one point in the regular locus of D red transversally. Then, as CH 0 (C|ϕ * D) 0 is n-divisible, there is a 0-cycle y on C with ny = z in CH 0 (C|ϕ * D) 0 .
Definition 2.33. Let n, C be as above. We define an element
to be the class represented by y.
This does not depend on the choice of y and it satisfies n −1
The next proposition shows that it also does not depend on the choice of the curve C.
Proposition 2.34. Let z be a 0-cycle on X of degree zero and C, C ′ be two curves satisfying the above conditions with respect to z. Then we have an equality in
The proof is divided into several steps will occupy the rest of the section.
2.6.3. Fix a closed point x 0 ∈ X, x 0 / ∈ supp(z). Let P be a pencil of hypersurface sections of
satisfying the following conditions (1) The generic member C t of P is smooth and irreducible, and misses the singular locus of D red . (2) The base locus of P contains supp(z) ∪ x 0 and misses D. (3) the rational map π P : X P 1 becomes a morphism after a single blow-up of each point of the base locus of P . (4) C 0 = C + E and C ∞ = C ′ + E ′ where E and E ′ are smooth and irreducible, intersect D at least in one point each, but miss the singular locus of D red , and are disjoint from the base locus of P . In addition, C 0 and C ∞ have only ordinary double points as singularities.
Remark 2.35. The condition that E and E ′ meet D is automatic if the hyperplanes have sufficiently high degree, i.e. if we replace the projective embedding of X from the beginning.
By blowing up along the center of P we get a morphism π P : X P → P 1 . We denote by u the blow down map u : X P → X. Let X P = u −1 (X) and
It is a divisor on X P and satisfies
for every member C x of the pencil P .
Lemma 2.36. Let S be the spectrum of a discrete valuation ring, s the closed point of S, η the generic point of S. Let π : X → S be a semistable projective curve over S, i.e. π is a projective and flat morphism of relative dimension 1 such that the special fibers X s over geometric points of S are reduced, connected curves having only ordinary singularities. Suppose that the family is generically smooth and that π admits a section s 0 . Let D be an effective Cartier divisor on X such that the composition π D : D → S of the inclusion D ֒→ X with the morphism π is flat. Then the relative Picard functor Pic 0 (X|D)/S,s 0 is representable by a scheme (locally) of finite type over S.
Here, the relative Picard functor Pic

(X|D)/S,s 0
is by definition the subsheaf of the fpqc sheaf is representable by a scheme locally of finite type over S.
Remark 2.37. Note that the condition π D flat is equivalent, since S is one-dimensional, to ask that there are no components of D that are contained in the special fiber X s .
2.6.4. Let S be the spectrum of the local ring of P 1 at 0, s its closed point, η its generic point and η a geometric generic point. We denote by X S → S the base-change of π P to S: it is a semistable projective curve over S. By construction, the special fiber (X S ) s coincides with C 0 = C + E, while the generic fiber C η := (X S ) η → k(t) represents the generic member of the pencil.
The choice of the extra point x 0 outside supp(D) determines a section s 0 : P 1 → X P of π P . By Lemma 2.36, the functor Pic . Take a point ξ s (resp. ξ η ) on the closed fiber Jac (C 0 |(D⊔s 0 )·C 0 ) (resp. the geometric generic fiber Jac (C η |(D⊔s 0 )·C η ) ) of Pic 0 (X S |D S )/S,s 0 such that
and that ξ s is a specialization of ξ η . Here we used the n-divisibility of Jac (C 0 |(D⊔s 0 )·C 0 ) and Jac (C η |(D⊔s 0 )·C η ) . Then there is a spectrum S ′ of a DVR dominating S and a morphism
Here s ′ and η ′ are the closed point and the geometric generic point of S ′ . There is a horizontal Cartier divisor W on X S × S S ′ representing γ ′ . Then the divisor defines a map discreteness (cf. Remark 2.29) and ϕ(s ′ ) = 0, the map ϕ is identically zero. Therefore we have
Hence n
We complete a proof of Proposition 2.34, and hence we have a well-defined map
2.6.5. We will finish the proof of Theorem 2.31 in this section.
Lemma 2.38. Let u : X ′ → X be a blow-up at a point p in X. Then the following diagram commutes:
2 ) as the sum of 0-cycles of degree zero.
The first term vanishes both by u * and by u * • n −1
X ′ , so we may assume z ′ is of the form
Take a complete smooth curve in X which contains supp(u * z ′ ) and passes p in the right tangent direction so that the strict transform C ′ ⊂ X ′ (which is isomorphic to C) contains q. We have a tautological identity
The left hand side is equal to u * (n −1 X ′ (z ′ )), and the right hand side to n −1
Proposition 2.39. The map n −1 X factors through CH 0 (X|D) 0 /T X . Proof. It suffices to show the following: Let j : C → X be a morphism from a complete smooth curve such that j is a birational map to the image, and let z be a 0-cycle on C which represents a torsion class in CH 0 (C|j * D) 0 . Then n −1 X (j * z) = 0. Blow up X at singular points of j(C) several times so that the strict transform of j(C) is non-singular (therefore ≃ C).
If we take a 0-cycle y on C such that ny = z in CH 0 (C|j * D) 0 , by Lemma 2.38 applied to z ∈ Z 0 0 (X ′ ) we have n
but y is a torsion class on C, so the right hand side is zero. This completes the proof.
We now have a map
X (z) = z. If z ∈ CH 0 (X|D) 0 is killed by an integer n prime to p, then we have z = n −1 X (nz) = 0 in CH 0 (X|D) 0 /T X . This completes the proof of Theorem 2.31.
2.6.6. The torsion group T X can be understood by the Jacobian of a generic member of a pencil.
Proposition 2.40. For any given element of T = CH 0 (X|D){p ′ }, there is a smooth proper curve C over k mapping to X, j : C → X, such that the given element comes from CH 0 (C|j * D){p ′ }.
Take any two elements y 1 , y 2 ∈ CH 0 (X|D){p ′ } which comes from torsion parts of CH 0 of smooth proper curves C (1) , C (2) respectively. We show there is a smooth proper curve C (3) mapping to X and an element in CH 0 (C (3) |D · C (3) ){p ′ } which maps to y 1 + y 2 . We may assume for i = 1, 2, that C (i) → X maps C (i) birationally to the image.
First we show:
Lemma 2.41. Let j : C → X be a morphism from a smooth complete curve, with C → j(C) birational. Suppose given a pencil P = {C x = H x · X | x ∈ P 1 } satisfying:
where E is a smooth complete irreducible curve missing j(C) ∩ |D| such that E intersects j(C) transversally.
• There is a member C x which is a smooth complete curve missing j(C) ∩ |D| and intersecting j(C) and E transversally. Then we have:
where η is the geometric generic point of P 1 . Moreover, (for a later use) the map
Proof. Note that if we blow-up X at the base locus of P , we get a morphism π P : X P → P 1 . Since the base locus misses D, we can see D as a Cartier divisor on X P . If we choose a point x 0 in the base locus, it gives a section s 0 : P 1 → X P . Denote by S the local scheme of P 1 at 1. Let X S and D S be the base change of X P and D P to S. The Cartier divisor D S on X S is finite and flat over S and Pic
is representable by Lemma 2.36. Take any y ∈ Jac(C|j * D){p ′ } and a lifting y ′ of (y, 0) ∈ Jac(C|j * D) ⊕ Jac(E|D · E) by the surjection
Then the image of y to CH 0 (X|D) is equal to the image of y ′ by the composite map
Suppose the element y ′ ∈ Jac(C 1 |(D · C 1 ) ⊔ x 0 ){p ′ } is killed by n prime to p. Then there is an irreducible component B of n Pic(X S | (D ⊔ s 0 ) |S ) containing y ′ because it is flat over S. There is a horizontal Cartier divisor W on X P | S × S B which represents the section B → Pic(X S | (D ⊔ s 0 ) |S ). Then by the rigidity (Remark 2.29) of
we find that y ′ is in the image of n Jac(C η | D · C η ).
For the second assertion, we first take any n prime to p and z ∈ n Jac(C η |D ·C η ⊔x 0 )(η). Let B be the closure in n Pic (X P |D)/S,s 0 of its image in n Jac(C η |D · C η ⊔ x 0 ).If we let σ ∈ Gal(η/η) act on z, the resulting element
lands on the same point of B.
On the other hand, by discreteness B(η) → n CH 0 (X|D) is a constant map. Therefore z and z σ maps to the same element of n CH 0 (X|D). This shows that the map
is Gal(η/η)-equivariant. It follows that so is the map
Proof of Proposition 2.40. Recall we took two elements y 1 , y 2 of CH 0 (X|D){p ′ } coming from curves C (1) , C (2) . We can take a pencil such that
, where E (1) is a smooth complete irreducible curve missing
, where E (2) is a smooth complete irreducible curve missing
• There is a member C x which is a smooth complete curve missing j (i) (C (i) ) ∩ |D| and intersecting j (i) (C (i) ) and E (i) transversally for i = 1, 2.
Then we can apply Lemma 2.41 to deduce that the image of Jac(C η | D·C η ){p ′ } contains the images of Jac(C (1) |j (1) * D){p ′ } and Jac(C (2) |j (2) * D){p ′ }. Specializing to a generic member of the pencil, we find that the given elements y 1 , y 2 comes from C (3) := C x for some x ∈ P 1 (k).
Repeating this argument finitely many times, we find that any element of T comes from an appropriate smooth proper curve C over k.
2.7.
Example for torsion-free unipotent part. Here we give an example for which Question 2.24 and 2.25 hold.
Let k be an algebraically closed field of characteristic zero. Let C 1 and C 2 be two projective smooth curves over k and let X := C 1 ×C 2 be the product. Let m = Thus it suffices to show that U (X, D) tors = 0.
Proof. For simplicity, we assume that m = n[x]. The general case follows from the same process. Take α ∈ U (X, D) tors . By Proposition 2.40 and Lemma 2.41, there exists a pencil π : X P → P 1 such that there is an element β ∈ CH 0 (C η |D · C η ) tors mapping to α. Here C η denotes the geometric generic fiber of π. Let C η := C η \D · C η . By Lemma 2.41, we have the following diagram with exact rows
Here we denote K = k(P 1 ) = k(η), K = k(η) and G = Gal(K/K). Hence it is enough to show that ϕ is injective. Using Rojtman's theorem for an open variety of a smooth projective variety (see [21, 20 ]), we can replace H Sing 0 (X) tors with Alb X (k) tors and we can consider the following commutative diagram with exact rows
Here T or denotes the torus part of the Albanese variety. Note that as biproduct of Rojtman's theorem for smooth projective varieties, ϕ 2 is an isomorphism. We are therefore left to show that ϕ 1 is injective. For D irreducible, the statement actually reduces to show that (T or C η (K) tor ) G is trivial. To prove the statement, it is enough to consider the case D reduced and D · C η nonempty. Suppose moreover that C η is geometrically connected (the general case can be handled in a similar way). Let d be the extension degree of the function field of C 1 over K. We have the following short exact sequence
giving an exact sequence of G-modules
Let µ(k) to be the group of roots of 1 in k. Then we have
Taking the G-coinvariant parts and using standard homological algebra techniques, we get
The first map is given by x → x d , which implies that (T or C η (K) tor ) G is trivial.
Reciprocity presheaves and sheaves
Let k be a perfect field. The idea of considering presheaves with a transfer structure, as introduced by A.Suslin and V.Voevodsky in [22] , is the starting point of the modern construction of the derived category of mixed motives DM k , where A 1 -invariants presheaves play a fundamental rôle. In order to encompass non-homotopy invariant phenomena, in [5] the refined notion of reciprocity preasheaf with transfers, generalizing A 1 -invariance, was introduced. In this Section we briefly recall this definition and we prove some new additional results.
3.1.
Recall of definitions and fundamental results. We follow the notations of [5] . We denote by Sch/k the category of separated schemes of finite type over k and by Sm/k the subcategory of smooth schemes over k. We write PST k or PST for the abelian category of presheaves with transfers in the sense of [14, Definition 2.1]. Definition 3.1. A pair (X, Y ) of schemes is called a modulus pair if i) X ∈ Sch/k is integral and proper over k; ii) Y ⊂ X is a closed subscheme such that X = X − |Y | is quasi-affine (i.e. quasicompact and isomorphic to an open subscheme of an affine scheme) and smooth over k.
3.1.1. Let (X, Y ) be a modulus pair and write X = X − |Y | for the quasi-affine open complement. For S ∈ Sm/k, we denote by C (X,Y ) (S) the class of morphisms ϕ : C → X × S fitting in the following commutative diagram
where C ∈ Sch/k is an integral normal scheme and ϕ is a finite morphism such that, for some generic point η of S, dim C × S η = 1 and the image of γ ϕ is not contained in Y .
Definition 3.2. Let F ∈ PST be a presheaf with transfers, (X, Y ) a modulus pair with X = X − |Y |. Let a ∈ F (X). We say that Y is a modulus for a if for every ϕ :
in F (S). Here ϕ * : C 0 (C/S) → C 0 (X × S/S) denotes the push forward of correspondences.
Definition 3.3 ([5, Definition 2.3])
. Let F ∈ PST be a presheaf with transfers. We say F has reciprocity (or that F is a reciprocity presheaf) if, for any quasi-affine X ∈ Sm, any a ∈ F (X), and any open immersion X ֒→ X with X integral proper over k, a has modulus Y for some closed subscheme Y ⊂ X such that X = X −|Y |. Following [5] , we use REC to denote the full subcategory of the category of presheaves with transfers consisting of reciprocity presheaves. Note that REC is an Abelian category.
3.1.3. Let (X, Y ) be a modulus pair. By [5, Theorem 2.5], the functor PST → Ab, F → {a ∈ F (X)|a has modulus Y } is representable by a presheaf with transfers, denoted h(X, Y ). If Y happens to be an effective Cartier divisor on X, then h(X, Y ) ∈ REC. We briefly recall its construction: for every S in Sm/k, the assignment
defines a preshaf with transfers ([5, Proposition 2.10]). Moreover, there is a morphism of abelian groups
that turns out to be a morphism in PST. One defines h 0 (X, Y ) to be the quotient presheaf with transfers
Remark 3.4. There are several interesting examples of reciprocity presheaves with transfers, as shown in [5] . More precisely, one has that every homotopy invariant presheaf with transfers has reciprocity ([5, Theorem 3.1]), and every presheaf with transfers represented by a smooth commutative algebraic group scheme (locally of finite type over k) has reciprocity ([5, Theorem 4.1]). This makes the category of homotopy invariant presheaf with transfers is a strict subcategory of REC.
The following statement was shown in [5] for a reciprocity presheaf with transfers. Here we state and prove the corresponding result for pretheories over k. Using this, Theorem 3.7 can be easily reformulated and proved in the context of pretheories. Proof. We have to prove that for any X ∈ Sm, the pullback by the projection F (X) → F (X × A 1 ) is an isomorphism. Since it is split injective, it suffices to prove the pullback by the origin i * 0 : F (X × A 1 ) → F (X) is injective. For this, since F is separated for the Zariski topology, we may assume X is affine. Now, the condition "F has reduced weak modulus" is equivalent to the condition that for all smooth affine S and for all C ∈ relC(S) admitting a good compactification, the pairing
In [23, Proposition 3.11] , it is proved that the same condition for all smooth S (not necessarily affine) implies homotopy invariance. The proof actually shows that, for a given smooth scheme X, the factorization (3.1) for S = X × A 1 and C = A 1 S implies the isomorphism
The factorization (3.1) for S = X × A 1 and C = A 1 S holds in our present situation because when X is affine, S = X × A 1 is also affine. Therefore we are done.
3.2.
A criterion for having modulus.
3.2.1. Let F be a presheaf with transfers. We say that F satisfies global injectivity if for any modulus pair (X, Y ) and any dense open subset U ⊂ X = X − |Y | one has that the restriction morphism F (X) → F (U ) is injective. We discuss here a useful criterion for checking if a section over X of a presheaf with transfers satisfying global injectivity has modulus Y . This was stated as remark without proof in [5] . Proposition 3.6 (Remark 4.2. in [5] ). Let F be a presheaf with transfers satisfying global injectivity. Let (X, Y ) be a modulus pair and let X = X − |Y |. Let a ∈ F (X). Then a has modulus Y if and only if the following condition holds: ( * ) Let K = k(S) be the function field of a connected smooth scheme S, C a normal integral proper curve over K and ϕ : C → X × K a finite morphism such that ϕ(C) ⊂ Y × K. Put C := ϕ −1 (X × K) and let ψ : C → X be the induced map. Then
Proof. We first assume condition ( * ) holds. Our task is to show that for any smooth scheme S, for any ϕ W : W → X × S ∈ C (X,Y ) (S),
Put C := W × S k(S). By abuse of notation, we denote by g the restriction of g to C. Then by condition ( * ), we have
By the assumption that F has global injectivity, we have
Next we assume that a has modulus Y . Let notation be as in condition ( * ). Then one can find an open U of S and a relative curve
such that C U is normal, ϕ is finite and C = C U × U k(S). For any open V ⊂ U , we denote by
There is a canonical surjective map
where the limit is taken over all open V ⊂ U .
Proof of Claim.
) be the subsheaf of units and let G :=
Here the limit is taken over all open W ′ ⊂ C containing D. Thus we may assume that g belongs to Γ(W ′ , G). One can write W ′ as lim
, and hence g ′ defines an element of lim − →V G(C V , D V ) which is in pre-image of g under the canonical map. This completes the proof of claim.
By the claim, for any g ∈ G(C, D), there is g ′ ∈ G(C V , D V ) for a relative curve C V over an open V of S. Since a has modulus Y , we have
3.3. Homotopy invariance and divisibility.
Theorem 3.7. Let F be a reciprocity presheaf with transfers which is separated for the Zariski topology. Then F is homotopy invariant in the following cases:
(1) char(k) = 0 and F is torsion (2) char(k) = p > 0 and F is p-torsion free.
Proof. We first prove (1) . By [5, Theorem 3.1 (2)], it suffices to show that any element a ∈ F (X) has reduced modulus. Since F is separated for the Zariski topology, we can use the criterion given by Proposition 3.6 and check condition ( * ). More precisely, in the notations of loc. cit. it is enough to show that
Since F is a reciprocity presheaf with transfer, it has in particular weak reciprocity in the sense of [5, Definition 5.6] . By definition, there exists then an effective divisor E on C which is a weak modulus for ψ * (a). Since F is torsion, there is an integer n > 0 such that na = 0.
factors through G(C, D red )/n. By Lemma 2.15, we have
is zero. This completes the proof. We now prove the case (2). Again, it suffices to show that any element a ∈ F (X) has reduced modulus and we can use Proposition 3.6. Thus, for any curve C as in [5, Definition 2.1] and any function f ∈ G(C, γ * ϕ Y red ) in the notation in loc. cit., we have to show that (ϕ * div C (f )) * (a) = 0 in F (S). Now, since F is a reciprocity presheaf, a has a modulus Y ⊂ X supported on X \ X. By Lemma 2.16, for a large n > 0, we have f p n ∈ G(C, γ * ϕ Y ). Since Y is a modulus for a, we have
But by assumption F (S) is a p-torsion free abelian group, so that
This completes the proof.
3.4. Unipotent part and divisibility.
3.4.1. Recall that by Chevalley Theorem (see [3] for a comprehensive treatment), every algebraic group G over a perfect field k can be written canonically as an extention of a semi-abelian variety by a unipotent group
where (3.2) is exact when U , G and A are considered as sheaves for theétale topology. One sees easily that the following is also true Proposition 3.8. The sequence (3.2) is exact when U , G and A are considered as sheaves for the Zariski topology.
Proof. It suffices to show for local smooth schemes X we have H 1 et (X, U ) = 0. For this we proceed by induction on dim U . U is an extension of a unipotent group U ′ by the additive group
By induction we have H 1 et (X, U ′ ) = 0. On the other hand we have H 1 et (X, G a ) = 0 because X is affine. Therefore we are done.
3.4.2. For the rest of the section by sheaf we will mean sheaf for the Zariski topology. Let F be a sheaf with transfers and denote by H i (F ) to be the i-th homology sheaf of the Suslin complex C * (F ) of F . After Suslin and Voevodsky, we know that H i (F ) are homotopy invariant for every i ≥ 0. Note that every commutative algebraic group over k defines a presheaf with transfers.
Proposition 3.9. For every unipotent group U, we have H 0 (U ) = 0 (even before Zariski sheafification).
Proof. We have to show that for every smooth k-scheme X, the map of abelian groups
is surjective. Note that unipotent group U is isomorphic to an affine space A n as a scheme. Fix an isomorphism U ≃ A n mapping 0 ∈ U to the origin. Translating the "multiplication by t ∈ A 1 " map by this isomorphism, we have a morphism of schemes
which coincides with id U on U × {1} and with the constant map to 0 on U × {0}. Now given an f ∈ U (X), we define a sectionf ∈ U (X × A 1 ) by the composition
Then we clearly have i * 0 (f ) = 0 and i * 1 (f ) = f , so the section −f ∈ U (X × A 1 ) does the job.
Corollary 3.10. Let G be an algebraic group, which is an extention of a semi-abelian variety A by a unipotent group U as in (3.2). Then we have H 0 (G) = A. In particular, an algebraic group G over a perfect field is unipotent if and only if one has H 0 (G) = 0.
This corollary motivates the following Definition 3.11. (1) A reciprocity Zariski sheaf F is said to be unipotent if it satisfies H 0 (F ) = 0. (2) For a reciprocity sheaf F , we define a unipotent reciprocity sheaf U (F ) to be the kernel of the canonical surjection
called the unipotent part of F . Proof. We first show (1). Let G = U (F ). Consider the cokernel G/n of the map G n − → G. By Theorem 3.7, G/n is homotopy invariant. Thus we have a surjection H 0 (G) → H 0 (G/n) = G/n, and hence G/n = 0 by H 0 (G) = 0. The assertion for G tors follows from an easy diagram chasing.
We now show (2) . Let U (F ){p} be the subsheaf of U (F ) of p-primary torsion and let G be the quotient of U (F ) by U (F ){p}. Then we have
By Theorem 3.7 (2), G is homotopy invariant. The argument given above applies to show that G = 0, completing the proof.
Corollary 3.14. Let p ≥ 1 be the exponential characteristic of k. Let F be a reciprocity sheaf with transfers. Let n > 0 be an integer prime to p. Then there is a canonical isomorphism
Proof. The assertion follows from Corollary 3.13. Proof. Consider the exact sequence
Taking homology H * gives a long exact sequence
Since H 0 (F ) is homotopy invariant, H i (H 0 (F )) = 0 for i ≥ 1 and thus we have H i (U (F )) = H i (F ) for i ≥ 1. We can therefore assume in the proof of the Corollary that F = U (F ). In this case the assertion (2) is clear, since U (F ) is of p-primary torsion by Corollary 3.13 (2) .
We are left to show the assertion (1). Let n > 1. By Corollary 3.13 (1), we have an exact sequence proving that H 1 (F ) is torsion free and that H i (F ) is uniquely divisible for i ≥ 2.
Remark 3.16. We call a sheaf F uniquely divisible if F n − → F is an isomorphism of sheaves (equivalently, the sections of F are uniquely divisible abelian groups). For a given reciprocity sheaf F over a field of characteristic 0, there are equivalent conditions (see Corollaries 3.13-3.15): (1) U (F ) is torsion free; (2) U (F ) is uniquely divisible; (3) F tors ≃ H 0 (F ) tors by the canonical map, (4) H 1 (F ) is divisible; (5) H 1 (F ) is uniquely divisible. Proposition 3.17. Suppose k is an algebraically closed field of characteristic 0. If U is a unipotent reciprocity sheaf which is anétale sheaf, then the quotient presheaf (which is a Zariski sheaf ) U/U (k) is uniquely divisible.
Consequently, over k, a reciprocity unipotentétale sheaf U is uniquely divisible if and only if the abelian group U (k) is torsion free.
Proof. For all local X ∈ Sm, we have a commutative diagram of exact sequences 0 → U (X) tors → U (X) → U (X)/tors → 0 ( * ) ↑ ↑ ↑ 0 → U (k) tors → U (k) → U (k)/tors → 0. By Suslin's rigidity [14, Theorem 7.20] which is applicable by Theorem 3.7(1), the map ( * ) is an isomorphism. Now by Corollary 3.13(1), the groups U (X)/tors and U (k)/tors are uniquely divisible. Then by the snake lemma we see that U (X)/U (k) is uniquely divisible.
Remark 3.18. An example of a unipotent reciprocity sheaf over a field of characteristic 0 which is not uniquely divisible is provided by G a /Z, the quotient of G a by the constant subpresheaf with transfers Z. Its torsion part is the constant sheaf with transfers Q/Z. In this case one has H 1 (G a /Z) = Z.
Example 3.19. We give here an example of a non-constant sub-presheaf with transfers of G a in characteristic p. Let F : G a → G a be the p-th power map a → a p . It is easy to see that it is an injective map of presheaves on Sm. It is actually a map in PST by the following statement. Appendix A. P n -invariance A.0.4. In [5] , it is shown that pretheories over k satisfying weak reciprocity ([5, Definition 5.6]) are P 1 -invariant if separated for the Zariski topology. The statement is a corollary of two different results: first, by [5, Proposition 6.5], every pretheory F satisfying weak reciprocity is P 1 rigid, i.e. for every S ∈ Sm/k one has i * 0 = i * ∞ : F (P 1 S ) → F (S). Second, by [5, Proposition 6.4] , every presheaf that is P 1 -rigid and that is separated by the Zariski topology satisfies P 1 -invariance, i.e. the projection π : P 1 S → S induces an isomorphism π * : F (P 1 S ) ∼ − → F (S). The ideas for the proof of [5, Proposition 6.4] can be used to show the following stronger result.
Proposition A.1. For an abelian presheaf F which is separated for the Zariski topology, P 1 -rigidity implies P n -invariance for any n ≥ 0.
Proof. Note that P 1 -rigidity implies "P n -rigidity", i.e. for any x 0 , x 1 ∈ P n (k) and S ∈ Sm, the two maps
coincide. This is because x 0 and x 1 can be joined by a projective line. Let u 0 , . . . , u n be the homogeneous coordinates of P n . Let H 0 = {u 0 = 0} ⊂ P n , 0 = [1 : 0 : · · · : 0] ∈ P n and ∞ ∈ H 0 be any rational point.
To prove P n -invariance, it suffices to show that for any S ∈ Sm, any a ∈ Ker(F (P n S ) → F (S)) is zero, where the map F (P n S ) → F (S) is the pullback by any k-rational point of P n (it does not depend on the choice by the above remark). Let ϕ be the morphism P n × A n → P n given by ([u 0 : · · · : u n ], (t 1 , . . . , t n )) → [u 0 : t 1 u 0 + u 1 : · · · : t n u 0 + u n ].
Consider two composite morphisms S to the open set P n S \ H 0S and that for α = ∞ is the base change of the constant map to ∞. By P n -rigidity we have (ϕ • i 0 ) * = (ϕ • i ∞ ) * , so the following diagram is commutative. Since a was taken from Ker(i * ∞ : F (P n S ) → F (S)) this diagram implies that a| P n S \H 0S = 0. We could have carried out these arguments with any hyperplane other than H 0 . Since open sets P n S \ H S , where H runs through hyperplanes of P n , form an open covering of P n S , and since F is separated for the Zariski topology, we conclude a is zero.
Corollary A.2 (P n -invariance). Let F be pretheory that is separated for the Zariski topology. If F has weak reciprocity, then F is P n -invariant.
